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ABSTRACT 
The localization of the eigenvalues of matrices with nonnegative sums of principal 
minors is studied. The discussion is carried out in particular for P-matrices. Such 
matrices for which almost ail the eigenvalues lie on the left half plane are constructed. 
1. INTRODUCTION 
All the matrices we consider in this paper are square and complex. A is 
called a P-matrix [PO-matrix] if all its principal minors are positive [nonnega- 
tive] . 
A matrix is said to be weakly sign symmetric if it has nonnegative 
products of symmetrically placed pairs of almost principal minors. Carlson 
conjectured in [l] that a weakly sign symmetric matrix that is a P-matrix as 
well is stable, namely, all of its eigenvalues have positive real parts. 
Motivated by this problem, we study the localization of the eigenvalues of 
P-matrices. Actually we discuss the more general case of matrices with the 
property that the sums of principal minors of any order are nonnegative. 
Notice, by considering the characteristic polynomial of a matrix A, that the 
sum of the principal minors of A of order k is equal to the kth symmetric 
function of the eigenvalues of A. 
In Section 2 we characterize the spectra of P- and &-matrices, showing 
that a set of complex numbers is a spectrum of some P-matrix [PO-matrix] if 
and only if it has positive [nonnegative] symmetric functions. 
It is well known (e.g. Fiedler and Pt& [2]) that a P-matrix has no 
eigenvalue on the negative real axis. It follows easily from our Proposition 2 
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that the same holds for A E C”* n (i.e. an n X n complex matrix) whose 
eigenvalues have nonnegative symmetric functions. Kellogg [5] goes further to 
study how close to this axis the eigenvalues can he. Let C denote the complex 
plane, and let 
His result is that the spectrum of A is contained in D. Furthermore, if some 
eigenvalue of A lies on the boundary of D, then necessarily all the symmetric 
functions, except the flth one, are equal to zero. 
We use this result to improve a previous result of Carlson [l] concerning 
the localization of the spectra of P-matrices which are positive sign symmetric 
as well. 
The question that was mentioned in connection with Carlson’s conjecture, 
namely, description of the localization of the eigenvalues of P-matrices, is 
dealt with in Section 3, showing that almost all the eigenvalues of such a 
matrix may have negative real parts. 
2. NONNEGATIVE SYMMETRIC FUNCTIONS 
Let ak(hl,..., h,) (1~ lc < n) denote the kth symmetric function of the n 
numbers hi,. . . ,A,, i.e., 
q&>...,&J= c xi;xj2. . . . .A$ 
l<il<i,<... <ik<n 
PROPOSITION 1. Let S, > 0, k = 1,. . . ,n, let a > 0, and define 
A(a) = 
a 
0 
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0 
(-1)“~‘s, 
IO.... . 0 
1 
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1 
Z a 
0 
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. . . . . s, -s, s,+a 
Then A(a) is a P-matrix. 
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Proof. Denote by A(a)(i,,...,i,), when 16 i, < i, < * ’ . < i, Q n, the 
principal minor of A(a) with rows and columns indexed by i,, . . . ,i,. It is 
sufficient to prove that A = A(0) is a Pa-matrix, for then each A(a)( ii,. . . , ik) 
= ak + (nonnegative combination of nonnegative minors). The proof is by 
induction on n. For n = 2 the claim is immediate. Assume now that the 
proposition holds for matrices of order less than n. Consider A(i,, . . . , ik) for 
someindexset {il ,..., i,}.If {il ,..., ik}={l ,..., n},thenA(i, ,..., i,)=detA 
= S, >, 0. If {il ,..., ik}s {l,..., n},let i be the first index of {l,...,n}not in 
zi,. . . ,ik}. If i = 1, then A(i,,. . . , 
i: 
ik) 2 0 by induction. If 1 < i, then i - 1 E 
zr, . . . , i, }. However, the (i - 1)st row of A(i,, . . . ) ik) cannot contain the 1 in 
position (i - 1, i); hence it is zero, and A(i,, . . . ,ik) = 0. n 
As a consequence of Proposition 1 we get 
PROPOSITION 2. Let X 1,...,A, be n complex numbers, all of whose 
symmetric functions are nonnegative, and let cw be a positive number. Then 
A, + a,..., A, + a have positive symmetric functions. 
P,+oof. ht s, = (Jk(hl,..., A,) (1 G k < n). The matrix 
/ 0 1 0 . 0 
0 1 
0 * 
A= : 
. . 
. . 
0 
(_lp”‘S. . . . . . _S, ;r 
\ 
/ 
is known as the companion matrix of the polynomial A” - S,X’ - ’ + S, X” - a + 
* * * + ( - 1)” - ‘S,, _ ,A + ( - l)“S,, (e.g. [3]), and its eigenvalues are hi,. . . , A,. 
Therefore A, + (Y, . . . , h, + (Y are the eigenvalues of A + aZ (I denotes the 
n X n unit matrix) which is a P-matrix by Proposition 1. Thus they have 
positive symmetric functions. a 
We can now state the following characterization of spectra of P- and 
P,-matrices. 
THEOREM 1. The set {A1,...,A,} is a spectrum of some P-matrix 
[ P,-matrix] if and only if 
$(&,.*d,)>O, k=l,...,n. 
[ok(A19...,A,)>0, k=l,..., n.] 
(1) 
(2) 
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Proof. The “only if” part is obvious. Conversely, if (2) holds, then, 
following the definition of A(a) in Proposition 1, A(0) is the required 
Pa-matrix. If (1) holds, then choose a > 0 small enough that, by continuity, 
xi-lx, h, - a,..., X, - (Y have positive symmetric functions. Our conclusion 
follows now by Proposition 1. n 
We remark that if spec(A) satisfies (l), then A is not necessarily a 
P-matrix. For example take the 2 X 2 matrix 
whose spectrum is { l,l}, but is not even a Pa-matrix. 
Kellogg [5] proved that the eigenvalues of a P-matrix cannot lie in a given 
wedge around the negative axis. More precisely, he proved 
THEOREM 2 (Kellogg). Let a,, . . . , a,, be n complex numbers with mn- 
negative symmetric fkction.s A,, . . . ,A,,. Then, for all rwnzzro a,, 
Furthermore, if for some i equality holds in (3), then necessarily A, = A, = 
. . . =A,_1 = 0, A,, > 0, and the a,‘s are the roots of z” = (- l)“+‘A,. 
This result, in fact, can be derived from Theorem (41, 3) in Marden [6]. 
Recall that a matrix is called positive sign symmetric if it has nonnegative 
products of symmetrically placed pairs of minors. In [l] Carlson proved that a 
P-matrix which is positive sign symmetric as well is stable. By Theorem 2 we 
improve this result and get the next corollary. 
COROLLARY. Let A E C”,” be a P-matrix which is positive sign symmet- 
ric as well, and let A E spec(A). Then 
Proof. Let p E spec(A2). By Carlson’s proof A2 is a P-matrix; therefore, 
by Theorem 2, kg p]< rr - r/n. Since the eigenvalues of A2 are the squares 
of the eigenvalues of A, the proof of the corollary is completed. n 
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3. ON THE INERTIA OF SPECTRA OF P-MATRICES 
We conclude our paper by showing that a P-matrix can have almost all of 
its eigenvalues in the left half of the complex plane. 
THEOREM 3. There exists a P-matrix all of whose eigenvalues, except one 
when n is even or two when n is odd, have negative real parts. 
Proof. In view of Theorem 1 it is enough to prove that there exist n 
numbers whose symmetric functions are positive, and which all, except one 
when n is even and two when n is odd, have negative real parts. 
We prove it by induction on n. It is trivial for n = 1,2, so assume it is true 
for n and let us prove it for n +2. 
Let a 1,. . . ,a,, be the n numbers having the property mentioned above, 
and let A, = a,(a,,..., a,) > 0. Consider the n +2 numbers X, x, a,, . . . ,a,,, 
where Re(X) < 0, and let B, = a&(X, X,a, ,..., a,). Define A, = 1. 
Then 
B, = 2Re(X)+ A,, 
Bk=lh12Ak_2+2Re(X)A,_,+Ak, k = 2,...,n, 
B n+l = IX12A,_1 +2Re(h)A,, 
B n+2 = N241. 
Choosing ]hl2 = 1 and Re(X) close enough to zero will lead to the positivity of 
allB,‘s,soX,X,a, ,..., a,, are the desired numbers. n 
Further investigation of the spectra of P- and P,-matrices, in particular a 
discussion of the relation between the inertia of the spectra of such matrices 
and the region in the complex plane where those spectra can lie, is included 
in [4]. 
The author is grateful to Professor David Carlson for his suggestions and 
comments. 
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